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NUMBER 4 JULY-AUGUST, 19358

On the Stability of Plasma in Static Equilibrium*

M. D. KruskaL anp C. R. OBERMAN
Project Matterhorn, Princeton University, Princeton, New Jersey
{Received May 27, 1958)

Criteria useful for the investigation of the stability of a system of charged particles are derived
from the Boltzmann equation in the small m/e limit. These criteria are obtained from the examination
of the variation of the energy due to a perturbation, when subjeet to the general constraint that all
regular, time-independent constants of the motion (inecluding the energy) have their equilibrium

values.

The first-order variation of the energy vanishes trivially, and the second-order variation yields
a quadratic form in the displacement variable ¥ (which may be introduced because of the well-known
properties of this limit). The positive-definiteness of this form is a sufficient condition for stability.

Several theorems are stated comparing stability under the present theory with that under con-
ventional hydromagnetic fluid theories where heat flow along magnetic lines of force is neglected.
Generalizations can be made to systems where the effect of collisions is included.

Phys. Fluids 1, 275 (1958)

VorLume 3, NUMBER 1

JANUARY-FEBRUARY, 1960

Test Particles in a Completely Ionized Plasma

Norman Rostoxer ANp M. N. RosENsLUTH
John Jay Hopkins Laboratory for Pure and Applied Science, )
General Atomic Division of General Dynamics Corporation, San Diego, California
(Received October 19, 1959)

Starting from the Liouville equation, a chain of equations
is obtained by integrating out the coordinates of all but one,
two, ete., particles. One “test’’ particle is singled out initially.
All other “field”’ particles are assumed to be initially in
thermal equilibrium. In the absence of external fields, the
chain of equations is solved by expanding in terms of the
parameter g = 1/nlp3 For the time evolution of the distri-
bution function of the test particle, an equation is obtained
whose asymptotic form is of the usual Fokker-Planck type.
It is characterized by a frictional-drag force that decelerates
the particle, and a fluctuation tensor that produces accelera-
tion and diffusion in velocity space. The expressions for
these quantities contain contributions from Coulomb colli-
sions and the emission and absorption of plasma waves. By
consideration of a Maxwell distribution of test particles,
the total plasma-wave emission is determined. It is related
to Landau’s damping by Kirchoff’s law. When there is a
constant external magnetic field, the problem is characterized
by the parameter g, and also the parameter A = w./w;. The
calculation is made by expanding in terms of g, but all orders

of A are retained. To the lowest order in g, the frictional
drag and fluctusation tensor are slowly varying funetions of A

When X <« 1, the modification of the collisional-drag
force due to the magnetic field, is negligible. There is a
significant change in the properties of plasma waves of wave-
length greater than the Larmor radius which modifies the
force due to plasma-wave emission. When A 3> 1, the foree
due to plasma-wave emission disappears. The collisional
force is altered to the extent that the maximum impact
parameter is sometimes the Larmor radius instead of the
Debye length, or something in between. In the case of a
slow ion moving perpendicular to the field, the collisional
force is of a qualitatively different form. In addition to the
drag force antiparallel to the velocity of the particle, there
is a collisional force antiparallel to the Lorentz force. The
force arises because the particle and its shield cloud are
spiralling about field lines. The force on the particle is equal
and opposite to the centripetal force acting on the “‘shield
cloud.” It is much smaller than the Lorentz force.

Phys. Fluids 3, 1 (1960)]
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THE PHYSICS OF FLUIDS VOLUME 3, NUMBER 2 MARCH-APRIL, 1960

Electrostatic Instabilities of a Uniform Non-Maxwellian Plasma

OLivER PENROSE
Imperial College of Science and Technology, London S. W. 7, England
{Received October 9, 1959)

A stability criterion is obtained starting from Vlasov’s collision-free kinetic equations. Possible
instabilities propagating parallel to an arbitrary unit vector e are related to a function
F(u) = S [ d*v gi(v) 8(e*v — u), where g;(v) is the normalized unperturbed distribution function,
and «; = (47n;e2/m;)t the plasma frequency, for the jth type of particle. By using a method related
to the Nyquist criterion, it is shown that plasma oscillations growing exponentially with time are pos-
sible if and only if F(x) has a minimum at a value u = £ such that { ™ du(u — £)2[F(u} — F(£)] > 0.
A study of the initial-value problem confirms that the plasma is normally stable if no exponentially
growing modes exist; but there is an exceptional class of distribution functions (recognizable by
means of an extension of the above criterion) for which linearized stability theory breaks down.
The method is applied to several examples, of which the most important is a model of a current-carry-
ing plasma with Maxwell distributions at different temperatures for electrons and ions. The meaning
of the mathematical assumptions made is carefully discussed.

Phys. Fluids 3, 258 (1960)

THE PHYSICS OF FLUIDS VOLUME 3, NUMBER 3 MAY-JUNE, 1960

Resonance in a Plasma with Two Ion Species

S. J. BucaEsBAUM

Bell Telephone Laboratories, Inc., Murray Hill, New Jersey
(Received January 26, 1960)

When a high-density plasma column in an axial magnetic field possesses two (or more) ion species
of different charge-to-mass ratios, there exists a plasma resonance condition which involves only the
ion eyclotron frequencies. At reasonance, the two ion clouds oscillate transversely to thestaticmagnetic
field and 180 deg out of phase with each other, while the electrons remain relatively motionless. The
ratio of the ion oscillatory energy to that of the electrons is of the order of the ratio of the ion-to-
electron masgses. Collisions between the two ion clouds randomize the large ordered velocities of the
ions with great efficiency. Thus, by exciting this resonance, considerable ion heating may be realized.
The effect of varying the relative concentration of the two ions is discussed.

Phys. Fluids 3, 418 (1960)

THE PHYSICS OF FLUIDS VOLUME 3, NUMBER 35 SEPTEMBER-OCTOBER, 1960

Drift Instabilities in a Maxwellian Plasma

E. ATLEE JACKSON

Project Matterhorn, Princeton University, Princeton, New Jersey
(Received May 11, 1960)

The stability of two Maxwellian components of a plasma, which have different drift velocities,
is investigated by means of a graphical solution of the dispersion relation. The graphical technique
has the advantage of exhibiting the content of the dispersion relation in a transparent manner.
By this method we determine the region of instability as a function of the perturbation wavelength A
and the relative velocity of the components, and show how this region depends on the ratio of the
Debye lengths and plasma frequencies. In the case of an electron-proton plasma we obtain the max-
imum growth rate as a function of X and the critical drift velocity as a function of the temperature
ratios. The structure of the unstable region is also indicated by a few lines of constant growth rate.

Phys. Fluids 3, 786 (1960)
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THE PHYSICS OF FLUIDS VOLUME 3, NUMBER 6 NOVEMBER-DECEMBER, 1960

Plasma Motion Across Magnetic Fields

GEORGE SCHMIDT

Stevens Institute of Technology, Hoboken, New Jersey
(Received March 23, 1960)

The analysis of plasma flow problems in magnetic fields is usually based on a hydromagnetic fluid
model. In low-density collisionless plasmas, however, the limitations of the applicability of this method
are not clearly understood. In this paper a simplified self-consistent field method is used, with particle
motion considered in the guiding center approximation. In this case the high “dielectric constant
of the magneto-plasma plays the role of the infinite conductivity of the fluid model. Several experi-
ments are analyzed on the basis of this model, and the limitations and shortcomings of the hydro-
magnetic treatment discussed.

Phys. Fluids 3, 961 (1960)|

THE PHYSICS OF FLUIDS VOLUME 4, NUMBER 1 JANUARY, 1961

Longitudinal Ion Oscillations in a Hot Plasma

Burron D. Friep anp Roy W. GouLp*

Physical Research Laboratory, Space Technology Laboratories, Inc., Los Angeles, California
(Received July 21, 1960)

Linearized, longitudinal waves in a hot plasma include, besides the familiar electron plasma
oscillations, in which the frequency w is of order w, = (4wne?/m)}, also ion plasma oscillations with
w = w{m/M)}. The properties of the latter are explored using a Vlasov equation description of the
plasma. For equal ion and electron temperatures, T, = T, there exists a discrete sequence of ion
oscillations, but all are strongly damped, i.e., have —Im «/Re » = 0.5, and hence are not likely to
be observable. The ratio Im «/Re o can be made to approach zero (facilitating detection of the waves)
by either increasing T./T'; or by producing a current flow in the plasma. In the latter case, Im w can
even be made positive (corresponding to growing waves), the current required for this being smaller
the larger the value of 7,/T;. This growing wave is just the familiar two-stream instability which
is thus seen to be an unstable ion oscillation. It is also noteworthy that the ion oscillations, which
for small & have the properties usually associated with an acoustic wave (longitudinal polarization,
w < k), are obtained using a formalism which is sometimes designated as “‘collisionless.”

Phys. Fluids 4, 139 (1961)

VoLuME 4, NUMBER 4 AprriL, 1961

Convective Instability Induced by Gravity in a Plasma
with a Frozen-In Magnetic Field

WiLLiam A. NEwcoMB

Lawrence Radiation Laboratory, University of California, Livermore, California
(Received September 22, 1960)

The convective instability induced by gravity in a compressible fluid layer is investigated in the
special case of a plasma with a frozen-in magnetic field B. The necessary and sufficient condition for
stability, which is here derived from the hydromagnetic energy principle, is that the density gradient
should exceed a certain critical value that is independent of B. Thus the rigidity given to the plasma
by the frozen-in field does not suffice to remove the instability but only to slow it down. The growth
rates of the unstable displacements are calculated by means of a normal mode analysis and are
shown to be inversely proportional to B when B is sufficiently large.

Phys. Fluids 4, 391 (1961)
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THE PHYSICS OF FLUIDS VOLUME 5, NUMBER 4 APRIL, 1962

One-Dimensional Plasma Model

JouN Dawson

Plasma Physics Laboratory, Princeton University, Princeton, New Jersey
(Received June 27, 1961; revised manuscript received December 27, 1961)

A one-dimensional plasma model consisting of a large number of identical charge sheets embedded
in a uniform fixed neutralizing background is investigated by following the sheet motions on a high-
speed computer. The thermalizing properties and ergodic behavior of the system are examined and
found to be in agreement with the assumption that one is equally likely to find the system in equal
volumes of the available phase space. The velocity distribution, Debye shielding, drag on fast and
slow sheets, diffusion in velocity space, the Landau damping of the Fourier modes, the amplitude
distribution function for the Fourier modes, and the distribution of electric fields felt by the sheets
were obtained for the plasma in thermal equilibrium and compared with theoretically predicted
values. In every case, except one, the drag on a slow sheet, the numerical results agreed with theory
to within the statistical accuracy of the results. The numerical results for the drag on a slow sheet
were about a factor of 2 lower than the theory predicated indicating that the approximations made
in the theory are not entirely valid. An understanding of the cause of the discrepancy might lead to
a better understanding of collisional processes in plasmas.

Phys. Fluids 5, 445 (1962) |

THE PHYSICS OF FLUIDS VOLUME 6, NUMBER 1 JANUARY 1963

Plasma Electromagnetic Instabilities

R. N. Supan

School of Electrical Engineering, Cornell University, Ithaca, New York
(Received 22 August 1962)

A gyrotropic plasma with T/T, = v < 1, where T, and T are the transverse and longitudinal
temperatures, is shown to be unstable to a perturbation in the form of a transverse wave with a wave
vector k such that k? < k¢? = {w(1—y)? + wp(1—y)/v}/c? «. and w, are the gyro and plasma fre-
quencies. For T') > T, such an instability arises only if w.2/w,? > 1/y(v-1) and then only for k% < k%
However, in the latter case, the phase velocity of the instability exceeds ¢ and the growth rate must be
made to vanish because of relativistic considerations. No such instability arises for complete isotropy
T 1= Tn.

Phys. Fluids 6, 57 (1963) |

THE PHYSICS OF FLUIDS VOLUME 6, NUMBER 2 FEBRUARY 1963

Excitation of Electrostatic Plasma Oscillations near the Ion Cyclotron Frequency

R. W. MoTLEY AND N. D’ANGELO

Plasma Physics Loboratory, Princeton University, Princelon, New Jersey
(Received 29 October 1962)

Oscillations near the ion cyclotron frequency have been excited in thermal cesium and potassium
plasmas by drawing current in a filament along the axis of the plasma column. The oscillations appear
to be electrostatic waves propagating radially from the filament. The waves are present if the electron
drift velocity exceeds about 10 times the ion thermal velocity, in agreement with the prediction of
M. N. Rosenbluth. The measured phase velocity is also in agreement with the phase velocity cal-
culated from the fluid equations.

Phys. Fluids 6, 296 (1963)
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VoLuME 6, NUMBER 4 ApriL 1963

Finite-Resistivity Instabilities of a Sheet Pinch

Harorp P. FurtH aND JoHN KILLEEN
Lawrence Radiation Laboratory, Livermore, California
AND
MagrsaALL N. ROSENBLUTH

University of California, San Diego, La Jolla, California, and John Jay Hopkins Laboratory for
Pure and Applied Science, General Atomic Division of General Dynamics Corporation,
San Diego, California
(Received 17 September 1962)

The stability of a plane current layer is analyzed in the hydromagnetic approximation, allowing
for finite isotropic resistivity. The effect of a small layer curvature is simulated by a gravitational
field. In an incompressible fluid, there can be three basic types of “resistive’’ instability: a long-wave
“tearing’’ mode, corresponding to breakup of the layer along current-flow lines; a short-wave ‘rip-
pling” mode, due to the flow of current across the resistivity gradients of the layer; and a low-g
gravitational interchange mode that grows in spite of finite magnetic shear. The time scale is set by
the resistive diffusion time rgz and the hydromagnetic transit time = of the layer. For large § =
7r/7u, the growth rate of the “tearing’’ and “rippling”’ modes is of order rg~3/87g2/5, and that of the
gravitational mode is of order ry 137y "2/3. As S — =, the gravitational effect dominates and may
be used to stabilize the two nongravitational modes. If the zero-order configuration is in equilibrium,
there are no overstable modes in the incompressible case. Allowance for plasma compressibility
somewhat modifies the “rippling”’ and gravitational modes, and may permit overstable modes to
appear. The existence of overstable modes depends also on increasingly large zero-order resistivity
gradients as § — e, The three unstable modes merely require increasingly large gradients of the
first-order fluid velocity; but even so, the hydromagnetic approximation breaks down ags 8 — o.
Allowance for isotropic viscosity increases the effective mass density of the fluid, and the growth rates
of the “tearing” and “rippling’”’ modes then scale as rg 27y ~!/%. In plasmas, allowance for thermal
conductivity suppresses the “rippling’’ mode at moderately high values of S. The “tearing” mode can
be stabilized by econducting walls. The transition from the low-g “resistive’’ gravitational mode to the
familiar high-g infinite conductivity mode is examined. The extension of the stability analysis to
cylindrical geometry is discussed. The relevance of the theory to the results of various plasma experi-
ments is pointed out. A nonhydromagnetic treatment will be needed to achieve rigorous correspond-
ence to the experimental conditions.

Phys. Fluids 6, 459 (1963)

THE PHYSICS OF FLUIDS VOLUME 7, NUMBER 9 SEPTEMBER 1964

Resonance Oscillations in a Hot Nonuniform Plasma

J. V. PaRkER, J. C. NickEL, aND R. W. GouLDp

California Institute of Technology, Pasadena, California
(Received 20 April 1964)

A quantitative theory of resonance oscillations, such as observed by Dattner and others, is given.
The first two moments of the collisionless Boltzmann equation assuming a scalar pressure are used
in eonjunction with a physically reasonable radial electron density profile to deseribe the oscillations
of a hot nonuniform plasma cylinder. These equations coupled with Maxwell’s equations assuming a
sealar potential are solved numerically to yield the frequency spectrum of the plasma wave resonances.
It is found that the frequency spectrum depends on the parameter r+2/(As2) where ry, is the radius of
the plasma column and (A?) is the mean square Debye length of the electron plasma. New experi-
mental observations of dipole and quadrupole spectra for two plasma columns of differing radii are
reported and the results of these observations are in good agreement with the theory. The physical
mechanism of the resonances is described.

Phys. Fluids 7, 1489 (1964)
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Saturation of the tearing mode
Roscoe B. White and D. A. Monticello

Plasma Physics Laboratory, Princeton University, Princeton, New Jersey 08540

Marshall N. Rosenbluth and B. V. Waddell

Institute for Advanced Study, Princeton, New Jersey 08540
(Received 19 July 1976; final manuscript received 17 January 1977)

A quasi-linear analytical model is used to describe the nonlinear growth and saturation of tearing modes
with mode number m> 2. The saturation of the magnetic island growth is the quasi-linear development of
a single mode rather than a mode coupling process. The saturation amplitude, which is dependent on the
form of the resistivity, is in good agreement with results obtained previously by numerically advancing the
full set of nonlinear equations.

Phys. Fluids 20, 800 (1977)

Phys. Fluids 21, 87 (1978)

Phys. Fluids 21, 1584 (1978)
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Externally driven magnetic reconnection and a powerful
magnetic energy converter

Tetsuya Sato® and Takaya Hayashi®

Geophysics Research Laboratory, University of Tokyo, Tokyo 113, Japan
(Received 17 July 1978; final manuscript received S February 1979)

Numerical simulation of two-dimensional compressible magnetic reconnection is carried out for more than
a dozen cases with different anomalous resistivities and boundary conditions. After a quiescent stage of
magnetic energy buildup, anomalous resistivity leads to an abrupt conversion of the stored magnetic
energy into the plasma bulk motion and heat.. Consequently, plasma jets as high as the local Alfvén speed
are generated downstream of the magnetic separatrix. Slow shocks formed just downstream of the
separatrix and fast mode expansion in the upstream region play a leading role in the formation of strong
plasma jets. Anomalous resistivity is the primary cause of the abrupt onset of reconnection. Once
reconnection proceeds, however, its ultimate fate no longer seems to be dependent on the resistivity, but
is largely controlled by the boundary conditions.

Phys. Fluids 22, 1189 (1979)

Nonlinear behavior and turbulence spectra of drift waves
and Rossby waves

Akira Hasegawa and Carol G. Maclennan
Bell Laboratories, Murray Hill, New Jersey 07974

Yuji Kodama

Department of Mathematics, Clarkson College, Potsdam, New York 13676
(Received 29 September 1978; final manuscipt received 1 June 1979)

Spectrum cascade in drift wave turbulence in a magnetized plasma as well as Rossby wave turbulence in
an atmospheric pressure system are studied based on a three-wave decay process derivable from the model
equation applicable to both cases. The decay in the three-way interaction occurs to smaller and larger
values of |k| In a region of large wavenumbers this leads to the dual cascade; the energy spectrum
cascades to smaller |k| and the enstrophy spectrum to larger |k} similar to the case of two-
dimensional Navier-Stokes turbulence. In a small wavenumber region a resonant three-wave decay
process dominates the cascade process, and an anisotropic spectrum develops. As a consequence of the
cascade, zonal flows in the direction perpendicular to the direction of inhomogeneity appear which
presents a potential implication for the particle confinement in a turbulent plasma.

Phys. Fluids 22, 2122 (1979)
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