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   ¼  < P < 1 yr.

(I tried to come up with a more interesting upper limit 
on P, using the fact that Earth’s angular momentum is 
unchanged, but could not.)

2. The exact solution
To find the new period, Kepler’s third law tells us we just 
need to find the new value of a; we don’t have to be con-
cerned with the orbit’s shape (eccentricity). I recall that 
the conserved mechanical energy E of an elliptical orbit 
(= kinetic + potential energy, i.e. E = ½ mv2 – GMm/r) 
is also independent of eccentricity and depends only 
on a, so if we find the new orbital energy after the Sun’s 
mass doubles, we should be able to derive the corre-
sponding new value of a. 
For a circular orbit it is easy to show from centripetal 
force arguments that the kinetic energy K is given by K 
= ½ mv2 =  ½GMsm/a1, while the gravitational potential 
energy U = –GMsm/a1. 
So the mechanical energy of the orbit is

E = K+U = GMsm/2a1 – GMsm/a1= –GMsm/2au,

where for the Earth of mass m in kg, a1 = 1 AU in 
meters and Ms= 1 solar mass in kg. Now suddenly dou-
bling the Sun’s mass will double the Earth-Sun’s (nega-
tive) gravitational potential energy, without changing 
its kinetic energy, so the new mechanical energy of the 
Earth-Sun system is now:

Enew = ½GMsm/a1 – G(2Ms)m/au  = – 3/2GMsm/a1.

Equating this with the general formula for mechanical 
energy of a planet revolving around a star of mass 2Ms 
with a new semi-major axis a2,

E2 = –G(2Ms)m/2a2 ,

we see that we must have a2 =  2/3 a1. 
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Solution to December 2009 Challenge

w Happy New Year
Imagine that the mass of the Sun instantly doubles. How 
long would the Earth’s year be?

(Contributed by Carl E. Mungan, U.S. Naval Academy, 
Annapolis, MD)

Solution:
I assume that to a good approximation, the Earth’s orbit 
is circular with a radius a1 = 1 AU, so that the constant 
kinetic energy and gravitational energy are related eas-
ily. I assume that the Sun’s mass Ms >> Earth’s mass 
m. Therefore the orbital period P in years of the Earth 
around the Sun is given by Kepler’s third law P2 = a3/M,  
where a is in astronomical units and M is the Sun’s mass 
in solar units (currently = 1.0). So the problem of find-
ing the Earth’s new period becomes one of finding the 
new semi-major axis after the Sun’s mass has doubled.

1). A quick lower limit to the new period
When the Sun’s mass doubles, the stronger centripetal 
force on the Earth will cause it to curve inwards into a 
new, elliptical orbit, with the Sun at the far focal point, a 
smaller semi-major axis and period, and Earth’s position 
now marking the new orbit’s aphelion. Sketching the 
new orbit, it would look something like this:

The aphelion Earth-Sun distance (= 1 AU in this case) 
must always be less than 2a, the major axis of the ellipse. 
So we can be sure that the new semi-major axis a > 
½ AU, no matter what the mass increase of the Sun (as 
long as the new orbit doesn’t cause a collision with the 
Sun, of course). 
And since the orbit just got smaller, we also know that 
a < 1 AU. Applying Kepler’s third law to this lower 
limit on a, with the new central mass M = 2 solar units, 
means that the new period

AU
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So the Earth’s new orbital semi-major axis is now  
2/3 AU. As a check, this falls in the  ½ < a < 1.0 AU 
range we found earlier.
From this, using Kepler’s third law P2 = a3/M, with M = 
2 solar masses, the new period is now

32
3( ) 2 0.385 yr,
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 again within the range ¼ < P < 1.0 yr found earlier.
Using the standard formulae for orbits, it can be shown 
that the new orbital eccentricity e = ½. This has no 
effect on the period but might be a number of interest 
to the hapless denizens of Earth as they are pulled in 
toward the Sun in their new orbit, since the perihelion 
distance = a2(1–e) = 1/3 AU — much too close for com-
fort! (At least the Earth will be moving three times faster 
at this point compared to its previous aphelion velocity.) 

(Contributed by Philip Blanco, Grossmont College, El 
Cajon, CA)
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